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Abstract 
 
The sensitivity models of thermal processes proceeding in the system casting-mould-environment give the essential information concerning 
the influence of physical and technological parameters on a course of solidification. Knowledge of time-dependent sensitivity field is also very 
useful in a case of inverse problems numerical solution. The sensitivity models can be constructed using the direct approach, this means by 
differentiation of basic energy equations and boundary-initial conditions with respect to parameter considered. Unfortunately, the analytical 
form of equations and conditions obtained can be very complex both from the mathematical and numerical points of view. Then the other 
approach consisting in the application of differential quotient can be applied. In the paper the exact and approximate approaches to the 
modelling of sensitivity fields are discussed, the examples of computations are also shown. 
 
Keywords: Application of information technology to the foundry industry, Solidification process, Numerical modelling of solidification, 
Sensitivity analysis. 
 
 
 
1. Introduction 
 
The sensitivity of transient temperature field with respect to 
perturbation of parameter   at the point   is defined as a 
partial derivative 
k p
0
k pp =
( )
0 k Tp ∂∂ . So, in order to construct the 
sensitivity model concerning the influence of   on a course of 
temperature, the equations determining the function T must be 
differentiated with respect to parameter considered (direct approach 
[1, 2, 3, 4] - sometimes the second order sensitivity is also applied 
[5]). The other possibility consists in a substitution of partial 
derivative by a differential quotient, for example 
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where: T, x, t denote the temperature, spatial co-ordinates and time, 
.  are the parameters appearing in the mathematical model 
of the process. Formula (1) corresponds to the right hand side 
differential quotient, but in this place the others approximations can 
be taken into account. So in order to determine the sensitivity field 
corresponding to parameter   the basic problem must be solved 
for parameters   and  , next the formula (1) should be 
applied. 
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Application of simplified approach is very convenient in the 
case of nonlinear problems and non-homogeneous domains when the equations and conditions determining the sensitivity fields are 
very complex. A such situation takes place (among others) in the 
case of problems from the scope of thermal theory of foundry 
processes. 
From the numerical point of view the application of simplified 
approach is rather simple. For every loop concerning the transition 
from time t to time   one should solve two basic problems 
(using exactly the same numerical procedures) assuming two 
different values of  , and next using equation (1) the local and 
temporary values of sensitivity   can be directly found. 
t +Δt
k p
k U
 
 
2. Example of computations 
 
In the book [1] the following example concerning the 
application of differential quotients has been presented. The plate 
( ) made from carbon steel and temperature dependent 
thermophysical parameters has been considered. The volumetric 
specific heat of material was approximated by the function 
0.05m G =
 
( ) ( )
() ()
4125000 5425000 0.004 2
5147500 0.004 2 0.004 3
CT T
TT
=+ −
+− −
−
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while the thermal conductivity  
 
( ) ( ) 35 0.022 500 TT λ =− −  (3) 
 
For   the adiabatic condition has been assumed, for  0 x =
( )
o 0.05: , 500 C B xT G t T == =  (Dirichlet condition) initial 
temperature:  ( )
o
0 , 0 900 C Tx T == . The sensitivity analysis 
concerned the influence of initial temperature perturbations on a 
course of cooling process. 
To solve a problem the basic solutions corresponding to 
 and   ( ) have been found and 
the local and temporary values of sensitivity fields have been 
determined using the formula (1). Next the same problem has been 
solved in an exact way (see: next chapter). The defect of solution 
was defined as (
o
0 900 C T =
o
0 902 C T = 0 2K T Δ=
) r UU U − , where   results from (1), while U 
corresponds to the “exact” solution. 
r U
In Figure 1 the sensitivity curves at the points x.= 0.0075, 0.015, 
0.0225, 0.03 and 0.04 m (symbols 1, 2, 3, 4 and 5) obtained in an 
'exact' way are shown. 
One can see that the sensitivity with respect to initial 
temperature decreases, while the maximum values appear close to 
the external boundary. The defects of approximate solution (for 
) are shown in Figure 2. The differences between the 
“exact” and simplified solutions are very small; it confirms the 
effectiveness of differential quotients application in the case of non-
linear problems analysis. The basic problems and the sensitivity 
ones have been solved using the variant of finite differences method 
discussed in [6]. 
0 2K T Δ=
The similar example was again solved, but the Dirichlet 
condition for  0.05 m x =  has been substituted by the Robin one 
(heat transfer coefficient: 
2 100 W m K α = , ambient temperature: 
). 
o 30 C a T =
 
 
Fig. 1. “Exact” solution 
 
 
Fig. 2. Defects of differential approximation 
 
Because of the temperature dependent course of thermal 
conductivity the non-linearity appears both in the energy equation 
and additionally in the condition for  . It causes the 
certain difficulties on the stage of numerical solution corresponding 
to the “exact” approach, if the differential quotient are used then the 
computer program is practically the same as in the previous case. In 
Figures 3 and 4 the errors distributions (in relation to the 'exact' 
solutions) are shown. The first diagram illustrates the defects for 
0.05 m x =
0 2K T Δ = , the second concerns  . Comparing the 
errors corresponding to Dirichlet and Robin conditions 
(Figs. 1 and 3) one can see that in the case of Robin condition the 
errors of sensitivity estimation are smaller. It probably results from 
0 20K T Δ=
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more smooth. The errors corresponding to   are bigger, 
of course (deterioration of differential quotient approximation). 
0 20K T Δ=
 
 
Fig. 3. Defect of sensitivity ( )  0 2K T Δ=
 
 
Fig. 4. Defect of sensitivity ( )  0 20K T Δ=
 
 
3. An exact model to the sensitivity with 
respect to T0
 
To present the mathematical and numerical difficulties 
connected with the “exact” approach to sensitivity analysis, the 
similar as previously problem (non-linear task) will be discussed. In 
particular, the solidification of continuous steel casting is 
considered. Let us assume that the rectangular casting is produced 
using the vertical installation – Fig. 5. The velocity field in casting 
domain  [ ] 0, 0, w = w  contains only a pulling rate and the 
convection in a molten metal domain is neglected. Thermal 
processes proceeding in the casting domain oriented in the cartesian 
co-ordinate system  123 ,, x xxx ⎡ ⎤ = ⎣ ⎦  are described by the Fourier-
Kirchhoff equation in the form 
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where   is a volumetric substitute thermal capacity of steel,  () CT λ  
is a thermal conductivity, w is a pulling rate. The equation (4) (in 
particular an introduction of  ) results from the solidification 
macro-model called the one domain approach [7, 8, 9].  
( ) CT
 
 
Fig. 5. Rectangular cast slab 
 
The thermal processes proceeding in the primary cooling zone 
are considered, and the heat transfer between cast slab and 
continuous casting mould is determined by the Robin condition, this 
means 
 
( ) [ 3
,
() ( , ) w
Txt ] x Txt T
n
λα
∂
−=
∂
−  (5) 
 
where  3 () x α  is a substitute heat transfer coefficient,   is a 
cooling water temperature, 
w T
Tn ∂ ∂  denotes a normal derivative.  
On the upper surface of casting ( ) the condition in the 
form 
3 0 x =
 
( ) 0, p TtT =  (6) 
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can be accepted ( p T  is a pouring temperature). Taking into account 
the method of numerical modelling of solidification process, the 
formulation of boundary condition for lower surface of the system 
is needless.  
If one neglects the heat conduction in direction  3 x , then 
introducing the co-ordinate system “tied” with the distinguished 
moving section of cast strand (Fig. 5) then substituting 
11 22 33 ,, x xx xx x w t →→→ −  one obtains the equation  
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The approach presented is called “a wandering section method”   
[6, 10]. 
Summing up, the model determining the cast strand 
solidification is the following 
 
() ()
() []
()
11 2
3
3
(,)
()
:
(,) (,)
,
:( ) ( , )
0, 0: 0, 0
w
p
Txt
CT
t
x
Txt Txt
TT
xx xx
Txt
xx T x t
n
tx T T
λλ
λα
∂
=
∂
∈Ω
⎡⎤ ⎡⎤ ∂∂ ∂∂
=+ ⎢⎥ ⎢⎥
∂∂ ∂∂ ⎢⎥ ⎢⎥ ⎣⎦ ⎣⎦
∂
∈Γ − = −
∂
== =
2
T   
 (8) 
 
For above basic model the sensitivity equations concerning the 
perturbations of  p T  will be found. Here the direct approach is 
applied and the energy equation should be differentiated with 
respect to the parameter considered [11, 12]. So 
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Denoting  p TT U ∂∂= one obtains  
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One can see that the form of source term in equation (10) is very 
complex and it causes a lot of difficulties on the stage of numerical 
simulation. A simpler form of function (11) appears when one 
assumes a constant value of thermal conductivity. Then 
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Differentiation of the Robin condition gives 
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For const λ =  one obtains the condition similar to the basic one 
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where 
 
0 w U =  (16) 
 
The initial condition takes a form 
 
( ) 0: 0,0 1 tU = =  (17) 
 
Finally, for  const λ =  the following sensitivity model should be 
considered 
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The sensitivity model is coupled with the basic one and the 
solution of this model requires knowledge of the basic solution. The 
source term contains the derivatives of C and λ  with respect to 
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parameters  C and λ  should be differentiable (C
1 class). On the 
stage of numerical modelling this assumption can be neglected 
 
 
4. Example of “exact” solution 
 
The rectangular steel cast slab (0.6×0.2 m) has been considered. 
Thermophysical parameters of material have been taken from [6], at 
the same time a constant value of thermal conductivity 
35 W mK λ =  has been assumed. Basic pouring temperature 
equals  , pulling rate 
o 1550 C p T = 0.017 m s w = , heat transfer 
coefficient 
2 1400 W m K α = , cooling water temperature 
. The sensitivity field has been found in an exact way. 
In Figures 6 and 7 the distributions of U for   and 
 are shown (the region of continuous casting mould). 
In order to check the exactness of simplified model, the same 
computations have been done using the differential quotient and it 
turned out that the result are very close. The differential quotients 
have been also applied for the case of various value of thermal 
conductivity (in such situation an 'exact' solution is very 
complicated from the computational point of view). 
o 40 C w T =
3 0.25 m x =
3 0.65 m x =
 
 
Fig. 6. Sensitivity field for    3 0.25 m x =
 
 
Fig. 7. Sensitivity field for    3 0.65 m x =
 
 
5. Conclusions 
 
The basic aim of investigations presented was to check the 
exactness and effectivity of simplified model to the sensitivity 
analysis in a case of non-linear thermal diffusion problem and 
solidification process modelling. The simplified method does not 
give, unfortunately, the information concerning the details of 
sensitivity mathematical model, and the computations are realized 
in a “black box” manner. From the other hand, however, the results 
are quite exact and very useful in an engineering practice. 
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